Measurement of the derivative 'ZW' for an oscillating aerofoil by Buchan, A. L. & Harris, K. D.
REPORT NO. 40  
JUNE, 1950 
THE COLLEGE OF AERONAUTICS  
CRANFIELD  
The Measurement of the Derivative zW for an 
Oscillating Aerofoil*  
-by- 
A.L. Buchan,D.C.Ae., K.D. Harris,B.Sc.,D.C.Ae., 
and 
P.M. Somervail,B.Sc.,D.C.Ae. 
(Department of Aerodynamics) 
S U 	 IL A R Y 
This report presents the results of experimental 
measurements of the damping derivative coefficient zw for 
constant chord rigid wings of various aspect ratios having 
sweepback angles of zero and 450. 
The results for the rectangular wings Flow substan-
tial agreement with the unsteady aerofoil theory developed 
by TI.P. Jones $2) The dependence of Zvi upon frequency para-
meter is as given by theory and is much less than for two-
dimensional flow, but the numerical results are approximately 
10 per cent below the theoretical. This is attributed to the 
large trailing edge angle 22°  of the N.A.C.A. 0020 section 
used for the model aerofoils. 
The effect of sweepback is to decrease the numerical 
value of z , but this effect is much less pronounced, for low 
than for high aspect ratios. For aspect ratios 5 and 3 
the numerical value is greater than would be given by a fac-
tor of proportionality equal to the cosine of the angle of 
sweepback. 
The measurements were corrected for tunnel interfer-
ence by a method based on the theoretical work of 7.P.Jones.(1) 
----oo0oo---- 
*Report on experimental work carried out in 
the second year of a two-year course at the 
College of Aeronautics, Cranfield. 
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§ (i) 
 
N OTATIO N 
  
fa = g - Z 
b=p-Z
w 
CL 
+A2 
a m-.1%2  
coefficient of Y in equation of motion 
coefficient of z in equation of motion 
lift coefficient. 
wing chord. 
coefficient of z in equation of motion 
coefficient in equation of motion (6). 
(6). 
f 	 forcing frequency. 
fN 	 natural frequency of oscillation of aerofoil plus rig. 
fR 	 resonant frequency of oscillation of aerofoil 
plus rig, 
natural frequency of oscillation of equivalent 
mass plus rig. 
rR 	 resonant frequency of oscillation of equivalent I  
mass plus rig. 
forcing displacement. 
amplitude of forcing displacement. 
Mach number. • 
Iii 	 oquivalent mass of aerofoil plus rig. 
m 	 see auxiliary equation (7). 
p 	 27:f 	 angular frequency of oscillation. 
R 	 Reynolds number. 
r 	 sec equations (8) and (9). 
S 	 wing area. 
see equations (8) and (10). 
t time. 
3 wind speed. 
velocity of aerofoil normal to planform. 
Z 	 aerodynamic force normal to planform. 
Z
az 
TT - ag 	 aerodynamic damping derivative. 
az Zr. 	 aerodynomic inertia derivative. 
- 3* 
displacement of aerofoil normal to planform. 
z1I 
see equation 
	 (15). 
21 
2 	 amplitude of oscillation of aerofoil. 
2'..R 	 amplitude of resonant oscillation of aerofoil. Z 
ASV n17 = 77 non-dimensional damping derivative. P 
Z. 
-
pSc 	 non-dimensional inertia derivative. 
a 	 wing incidence 
a 	 amplitude coefficient in equation ( 11). 
see equation (13). 
.0 I J. 
 N 
sprfne. stif2nesses. 
PC W 
V 
mechnnival velocity damping coefficient. 
kinematic viscosity of air, 
air density. 
time for free oscillations to decay to half 
amplitude. 
phase difference in equation ( 11). 
frequency parameter, 
-5- 
(2) Introduction 
The purpose of this experiment was to measure the 
damping derivative 	 for rigid wings oscillating with simple 
harmonic motion. The wings tested covered a range of aspect 
ratios with sweepback angles of zero. and 450. 
Work on unsteady aerofoil theory has largely been 
confined to investigations of the two-dimensional flat plate 
aerof oil, and the results of these theories have shown good 
agreement with the limited experimental data available. 
Fairly recently three-dimensional flat plate aerofoil 
theories have been developed. Using ono such theory W.P.Jones 
has made a very full theoretical investigation of rectangular 
wings(2)of aspect ratios Jf and 6. The work herein gives the 
result of experimental measurements on rectangular wings of 
aspect ratios 5, 4 and 3 and should therefore form an inter-
esting comparison with theory. 'In addition results are given 
for wings of aspect ratios 5 and 3 having sweepback angles of 
45°. Although the maximum Reynold's number of test is low 
these results should be of considerable practical interest as 
it is believed they arc the first to be obtained for swept 
wings. 
An interesting result of three-dimensional theory is 
that for wings of moderate or low aspect ratio (say below 6) 
the aerodynamic damping derivatives are much less strongly 
dependent on the value of the frequency parameter than in the 
two-dimensional case. Provided this is established by experi-
ment we may conclude that in flutter calculations in which 
three-dimensional effects are allowed for, much less error will 
be involved when the initial assumed value of the frequency 
parameter differs from the value of the frequency parameter as 
found by subsequent solution of the flutter equation. 
2 
- S2 
 r 	 f -7Y 
D 
2\ 
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(3) The Measurement of Unsteady Aerofoil Derivatives  
(3.1) Methods of Measuring  q 
    
Tut fundamental methods exist for the measurement of 
the derivative coefficients of an oscillating aerofoil. One 
method consists of studying the free oscillations of a spring 
restrained system, whilst the other method consists of studying 
the forced oscillations of such a system. 
In the present case the latter method was employed. 
Partly this was because the experimental rig had previously 
been designed for this method, but, in addition, this method 
presents advantages not possessed by the free damping method. 
In the free Pmping method the system is displaced 
from its equilibrium position and the free oscillations of the 
system arc recorded. From the frequency and rate of decay of 
the oscillations can be deduced the forces acting on the system. 
The relatively high rate of damping of the oscillation presents 
both practical and theoretical difficulties. It prevents a 
study of the influence of amplitude of oscillation on the aero-
dynamic forces, but, more important still, the conditions of 
test do not then conform with the conditions assumed in the 
theory. These conditions arc (a) that the motion is simple 
harmonic with constant amplitude and (b) that the motion has 
persisted for a long period of time so that all transient 
effects have decayed. The forcing method, on the other hand, 
permits the amplitude of the oscillation to be varied as 
desired and also, within experimental limits, permits pure 
simple harmonic oscillations to be maintained indefinitely. 
6 (3.2) Theory of the Forced Oscillations of a spring Restrained 
System with Velocity Damping. 
Diqgxammatic Sketch of Forcing S7stem 
(Soo also Fig. 1) 
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The aerofoil A is rigidly fixed at right angles to a rigid 
rectangular frame,which is supported.by two pairs of equal 
swinging links, so that the plane of the frame is always perpen-
dicular to the axis of the wind tunnel, but the frame is free 
to move laterally. The franc is connected at one end to a 
Spring Si and at the other end to a spring S2. The spring 
S1 is in turn attached to a fixed support B, Whilst the 
spring S2 is attached to a slider C. This slider, which is 
driven by an eccentric D, oscillates with a simple harmonic 
notion. The geometric incidence of the aerofoil is always 
zero. Lct 
-t 	 = 	 displacement of slider C from central position. 
E 	 = 	 amplitude of displacement of slider C. 
z 	 = 	 displacement of aerofoil ! from central position. 
g 	 = 	 effective mass of aerof oil, frame and spring system. 
	
= 	 stiffness of spring S1. 
	
2 = 	 stiffness of spring S2. 
f 	 = 	 frequency of oscillation of slider C. 
fN 	 = 	 natural frequency of oscillation of system. 
V 	 = 	 wind speed. 
P. 	 = 	 viscous mechanical dmaping of rig minus aerofoil. 
7e have, 
4?. 	 sin 27,ft 	 (i) 
The static restoring force due to the displacement of the 
springs is, 
z - A2 (e -z) 
and neglecting the inertia of the springs, substitution from 
equation (1) gives a dynamic restoring force, 
n (7\1 "N2)z  
The equation of motion 
?2 
 .7 sin 27tft 
is therefore, 
 
(2) 
 
01 - 	 + (4 - Zw) z + 	 + >2)z =A2 sin 21tft ....(3) 
For convenience we may write, 
a= 	 - Z. 
w 
OW, 
2'nf  
 P -)) 
Then our equation of motion is, 
+ 	 +C'z = asinpt 
	 (6) 
/Free ... 
AA ^2 4ac -  
4 a 
L (fl-z.) (A1 -FN 
s - (lc) 
2 f (ft-z i) 2 
Free or Transient Notion 
The free or transient motion of the system is ob- 
A 
tamed by putting J = O. 
From (6) we obtain the auxiliary equation, 
+ r'No n + c = 
whence, 
	
a 
—t Nifb -Lae Fa 	
fi 
2 E..1. 
Now, provided, 
we have, 
	
m = r+is  
 ( r- ) 
whore r and s arc both real, and 
TT. 	 u) 
(7) 
The free motion of the system is therefore liven by 
z = a ert sin (st-0)   (11} 
where a and 0 are constant fixed by the initial conditions. 
The natural frequency of the oscillation of the 
system is given by, 
1 	
j-e)‘
1
+ X2 
= 
vm-Z )2 I 	 •w 
4 	 --- 
It tiile t 
tia.ie 	 t 	 = t 1 
2 
= 
+T 
	  (12) 	
(13) 
= T7C- 
Further, let 
ratio of displacement 
to dIsplacement z t1+T 
ti  
whore 
T = periodic time 
Then, 
c
-cti 
e 
(tI  +TT 
6 
- 
l T 
-142 
• • 
	 1 o 	 - rT 
i.e. 	 10S7 A = 	 p.  
-0 — 
2 (- —Z,7r) fns 
/ The ... 
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The quantity loge , 	 is termed the 'logarithmic decrement'. 
Steady State Forced Motion 
Lfter camencing to force the aerofoil system with 
a steady frequency f the motion will consist of a transient 
part and a steady part. The transient part has been analysed 
above and it is seen that, as its name implies, it decays with 
tine, eventually becoming negligible. 
The steady state motion of the system is obtained from 
the particular integral of the equation of motion. 
Let, 
z =. z1 sin pt z2 cos pt 
Substituting from . (15) into (6) gives, 
, 
cos p2 * 	 (z1 sin pt 	 z2 cos pt) 	 b p z1 	 pt z2 sin pt) 
A A / 
C
i 
sin pt 	 z2 cos pt) 	 = d sin pt   (16) 
Equating coefficients, 
(s 	 p2\ 
z1  -bp z2 
	  (17) IA A 2 \ 
	
p zi 	 ) z2 	 0 
Hence, 
A ,A 
- 
2 
d e-ap) 
(84.10 7) 2 + ('4) 
-  
(s....,1p2)2 4. (6)2 
.1••••••• 
Now let us write, 
z = z sin (pt -E)  
 (19) 
= z sin pt cosE - z sine cos pt 
Equating the coefficients of sin pt and cos pt in (15) 
and (19) wo have, 
z1 	 z cose 
	 (20) 
z2 = z sinEj 
Squaring and adding vo obtain 
2 	 2 	 -2 
zi z2 = z 
Hence., substituting for z and 
z = 
	  (21) 
18-SP 2 ) 2 + (tI)) 2 
/Finally ... 
(is) 
21 
z2 
(18) 
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Finally, substituting from (4) and (5) into (21), 
M 
r+7‘2 Lot2fr 4 .1t2f2C.ZWIr 
The amplitude of the steady state oscillation is given by the 
above equation. The frequency of the oscillation is equal to 
the forcing frequency f. 
Resonance  
From equation (22) it will be observed that the 
amplitude E of the aerofoil depends on the forcing frequency 
f. The frequency for which z is a maximum is termed the 
resonant fre quency. 
Denote the resonant frequency by fR and the res-
onant amplitude by ZR. Then it can be shown, by differentia-
ting (22) and equating to zero,that 
= 
2\1  
1 (-7) 4.A2 	 / 4-zw /2 
	 (23) R 	 217. 
- Z. - 7.
ud 	 i7 
Substituting fR from (23) for f in (22) we obtain, 
2 
N.1.4.)2  fitrO, 	 i  p,...z.w.,2 
- 1.1-Z. 	 J 
2 14N14.7s,„ 	
i  p. -Zw 1.1.7.zw 
2-z. [ 
2 1.271-z. 2 [11.-z r - Iii-z. 17 2-z. VT, 
7\2 
('1 1 +r12 - 1 	 1-Z-vr 21-7  
.1\2 
Z,r) 2.7cfN 
where we have used the value of fN from (12). 
Evaluation of the non-dimensional derivatives  v. and  z. . 
rr 	 VT 
From the above expressions we can obtain formulae for 
the evaluation of the derivatives z
v/  and z. which arc der-
inod as, 
z p V S 
Z. FT 
z* 	 s C 
z 	  (22) 
ZR 
1.0. 
- 
(24) 
zt+T 	 —F.T7-0 
2 rt 
=
-rr 
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Derivative Coefficient  z . 
Rearranging equation (24) we have, 
p-Z 
47,1%2 
 
zR 272N 
( 	 A L. 	 2 
3 	  
zR 27cfN 
The determination of p is described later. 
Derivative Coefficient  z. . 
pared. with the term and hence we may write, 
In equation (23) the term 	 is negligible com- 
11,z. 
1.F>%2 
VT 
17-Z. 
p-Zw 
Jr 	 +A  
2  1 
fR 	 27c 2-z. 
tir 
or 2-z. 12= 1 2 
417.
2
f2 
Now if we replace the aerofoil by a mass having a negligible 
derivative Z. we can write, 
1 2 
  
(27) 
   
   
   
where f i is the corresponding resonant frequency with the 
wing replaced by an equivalent mass. 
Then from (26 and (27) 
= 
	 N1 4..sf\2 
24.7c 2 
	
f2 
1 	 1 
or 
1. . z = 
 
V S 
 
(25)  
 
(26)  
z. 
	
";) +) 	 f" 1 
	
4%2 	 S f2 
  
1 
p S c 
 
(28) f, 2.1 
 
 
Rig Damping Coefficient 11. 
From (11) rre have. that if T equals time for the 
free oscillation to die to half amplitude, 
/Substituting 
(29) 
• • 
i.e. 
or 
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Substituting for r from (9) and putting Z11, = 	 = 0 
T 
2 = e2 
 
(Lb) APParatus  
(4.1) Descriction of Apparatus 
§ (4.1.1) The Tunnel  
The tests were done in the College of Aeronautics 
No. 3 Wind Tunnel. This tunnel, -which is of German origin, 
is of the Eiffel type and has a closed working section of 
23 in. x 16 in. 	 The practicable speed range is from about 
50 f.p.s. to 200 f.p.s. 
During 1948 and 1949 consider able modifications 
wore made to the tunnel to improve its characteristics. 
Despite the improvements made, the characteristics of the 
tunnel are still poor. 	 The flew in the working section is 
very unsteady and, particularly at high operating speeds, there 
is a marked irregular fluctuation of the wind speed which can-
not be manually controlled satisfactorily. 
g (4.1.2) The Forcing Rig 
The aerofoil is carried by a rectangular framework 
comprising two horizontal streamline struts rivetted at each 
end to vertical tube members (see Fig.1). 
	 This rectangular 
framework is supported. from a rigid steel framework surround-
ing the tunnel by a sot of radius arms. The geometry of the 
rig ensures pure translational motion of the aerofoil for 
small displacements fraa the central position.. 
	 To reduce 
friction to a minimum spring hinges are employed. One end 
of the fraKic is anchored to a rigid support through a coiled 
spring, whilst the other end is connected through a coiled 
spring to the slider of a crosshead. 	 This slider is driven 
through a ball and socket joint by an infinitely variable throw 
/eccentric ... 
* Even for large displacements there' is no change of 
incidence. 
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eccentric driven by an electric motor. 
The whole of this equipment is mounted on a very rigid 
structure of steel joists firstly anchored to the concrete 
floor. 
Provision is made for attaching a clock gauge to the 
fixed crosshead guide, so enabling the stroke of the cross-
head slider to be measured. Measurement of the forcing fre-
quency is made by an ordinary Lrirk IV B Engine R.P.E. Indic-
ator geared to the forcing, motor. 
§ (4.1.3) The Amplitude. Scale 
The amplitude of oscillation of the aerofoil is 
measured by observing the deflection of a beam of light. 
The beam of light shines on a small mirror attached to one of 
the radius arras carrying the aerofoil rig, and the reflected 
image of the light is ar-eanged to fall on a scale calibrated 
to road in 1/100 of an inch displacement. To facilitate 
rapid and easy measurement the scale carries two aluminium 
riders which can be sot to record the amplitude of oscillation 
of the light inftge. 
§ (4.1.4) hcasunnont of ''Tint: Speed 
The wind speed is measured by a Prandtl lianometer 
connected to a static hole in the roof of the working section. 
§ (4.1.5) The Aerefeil Hodels  
Details cf the aerofoil models are given below. 
Aerofoil section NACA 0020. 
3.75 ins. ':Tina chord  
Unswept 7inr?.s 
Flanform 	 Rectangular. 
Aspect Ratios 	 314 and 5. 
Swept rlincrs 
Planform 	 Sweepback = 450  
Taper Ratio = 1:1. 
Asuect Ratios 	 3 and 5. 
§ (4.2) Calibration of Apparatus 
§ (4.2.1) Frequency Indicator 
The Engine 	 Indicator used for measuring the 
forcing frequency was calibrated over the required frequency 
range by means of a revolution counter and stop watch. The 
indicator was found to be accurate to within about ± 1 per cent. 
This was about the order of accuracy possible curing to the 
/difficulty ... 
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difficulty of maintaining constant frequency of the forcing 
motor. 
(4.2.2) Tunnel 'grind Speed 
The Prandtl Eanometer used for measuring the wind 
speed was calibrated against the velocity in the centre of 
the working section. For this purpose a pitot-static tube 
was placed in the centre of the working section and connected 
to a Betz Manometer. 
d (4.2.3) Spring Stiffnesses  
The stiffnesses of the coiled springs were measured 
by hanging weights from the springs and measuring the deflec-
tions with a pair of Vernier calipers. It was established 
that the stiffness of each spring was constant over the working 
deflection. 
§ (5) Details of Test  
§ (5.1) Experimental Procedure 
§ (5.1.1) Preliminary Investigations  
It follows from dimensional analysis that the deri-
vative coefficients of an aerofoil oscillating with simple 
harmonic motion may depend on3- 
(a) Reynolds number, R. 
(b) Mach nas.ber„ M. 
(c) Frequency po_rame ter, w. 
(a) Amplitude parameter, = . 
Because the limitations of the tunnel are such that a Mach 
nuMbor of about 0.2 cannot-be exceeded it was foreseen that 
no measurable Mach number effects were to be expected. In 
view of this it was decided that the experimental work 
should be planned to measure the influence of H, o and  
on the aerodynamic derivative coefficients. 
It was also anticipated that the influence of the 
amplitude parameter, -! , would be small and, in consequence, 
the prelirainary tests were designed to check this belief. 
The results of these tests confirmed that the effect of the 
amplitude parameter is negligible, at least up to 	 equal 
to about 0.15. 
The above results enabled a simple. test programe 
to be devised to measure the affects of both Reynolds number 
and frequency pam:leter. 
/The ... 
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The Reynolds number range was governed by the maximum and 
minimum practicable wind speeds. The upper speed limit was 
fixed by the maximum safe tunnel speed, whilst the lower speed 
limit was fixed by considerations of accuracy of measurement of 
the resonant amplitude. 
At low wind speeds the aerodynamic damping, which is 
roughly proportional to the wind velocity, becomes relatively 
small. The effect of this is to make the amplitude versus 
frequency relationship very 'peaky' close to the resonant 
frequency, and, in practice, it is found impossible to maintain 
the forcing frequency sufficiently near the true resonant fre-
quency to obtain an accurate measure of the resonant amplitude 
of oscillation. 
The range of the frequency parameter is determined, as 
above, by the wind speed range and also by the practicable 
range of spring stiffnessos. 
	 The upper spring Njffness, and 
hence the maximum value of the frequency parameter, was fixed 
by the maximum safe stress that could be taken by the moving 
elements of the rig. The lower spring stiffness, and hence 
the minimum value of the frequency parameter, was fixed by 
considerations of accuracy of measurement of the resonant 
amplitude. 
With the lower spring stiffness the unsteady flow in 
the working section caused severe irregular fluctuations in 
the oscillatory motion of the aerofoil, thus making it diffi-
cult to measure accurately the resonant amplitude of oscillation. 
With the stiffer springs this problem was still encountered, 
but to a much loss marked. extent. In passing it may be noted 
that attempts to measure the lift curve slope for steady flow 
proved abortive on account of this self L1.7.7:: difficulty. 
(5.1.2) Final  2cpertmental Procedure 
The experience gained in the course of the prelim-
inary investigations, described abo7e, enabled a systematic 
test procedure to be devised. This procedure is briefly out-
lined below. 
The particular aerofoil under test was set at zero 
incidence relative to the local airflow by a -.process of trial 
and error. For each condition of test the forcing amplitude 
was pre-sot to give an estimated amplitude of oscillation of 
the aerofoil equal to about O.8 in. 
	 This amplitude was 
chosen as it enabled a fairly high percentage accaracy to be 
achieved in the measurement o2 the resonant amplitude, whilst 
/at the ... 
at the same time avoiding all likelihood of partial spring 
closure. 
The tunnel was run at a series of wind speeds, using 
each set of springs in turn, and at each speed the forcing 
amplitude and 'the resonant amplitude were measured. 
The measurement of the resonant amplitude at each 
wind speed was taken with great care. One operator controlled 
the wind speed, whilst a second operator controlled the forcing 
frequency. 	 It was found impossible to maintain the forcing 
frequency exactly constant for any period of time, but it was 
observed that there was a tendency for the forcing frequency 
to increase slowly with time. This feature was put to use 
by initially setting the forcing frequency slightly below the 
resonant frequency. -nth  the passage of time the forcing 
frequency gradually increased, eventually passing through the 
resonant frequency. The third operator observed the amplitude 
of oscillation of the aerofoil as indicated by the oscillating 
beam of light, and measured the resonant amplitude by setting 
the aluminium markers to record the maximum displacements of 
the beam of . light. 
The success of this method depended on the forcing 
frequency increasing sufficiently slowly to permit the ampli-
tude of oscillation of the aerofoil to reach the resonant 
amplitude corresponding to steady forcing. As the rate of 
increase of the forcing frequency was not directly controllable 
the above procedure ';4 as repeated several times at each wind 
speed so as to ensure that the true resonant frequency was 
obtained. 
	 In the case of the lowest wind speed whore the 
damping was relatively small it was in fact strongly suspected 
that the true resonant frequency was not always obtained. 
§ (5.1.3) linasurement of, 
 the Rig Damping Coefficient  
Theoretically the damping coefficient u can be 
measured either by a free dappinjz; method or by a forced 
oscillation method. 	 In § (3) it was explained that for the 
measurement of the damping coefficient z the forcing method 
'47 
constituted -the better method, but for the measurement of 4 
the free damping method is better. Fundamentally this is 
because of the much smaller magnitude of i  as compared 
with z . 	 The effect of this is twofold. 
	 Firstly, the 
mplitudo-frequenc:r relationship is extremely 'peaky', with 
the /esult that accurate nnasure:ns. nt of the resonant ampli- 
tude is a practical impossibility. 
	
Secondly, the required 
forcing amplitude would be so small that the percentage 
/accuracy ... 
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accuracy in its measurement would necessarily be low. 
To measure p the aerofoil was replaced by an 
equivalent mass having negligible aerodynamic damping. This 
was achieved by using a rectangular bar placed with its largest 
dimension parallel to the streamline struts of the aerofoil 
mounting. 
The system was displaced from its equilibrium posi-
tion and the time for the ensuing oscillatory motion to die to 
half amplitude was measured. The damping coefficient p was 
measured in this way for each set of springs. 
It was found that the springs gave rise to the major 
portion of this mechanical damping. 
(5.2) Analysis of Measurements  
In § (3) it is shown that 
2,g 
	
=  
 (30) vo- 	 p V S 27c 	 fN 
L 
	
7\1 412 	 Ill 	 1 	 1  
 (31) z. = 
	
- 4  ,n2 	 f2 - f  p S c 
1.386 171, 
	  (32) 
27dRc 22 w = 	
= 
	 (33) V 
	 V 
Using the test procedure described above, all the 
quantities on the right hand sides of these equations can be 
measured. Theoretically it is therefore possible to find 
the values of both the derivative coefficients z and z. 
as functions of w. However the maximum difference between 
fR and f is less than 1 per cent. This is the order of 
accuracy to which the frequency can be measured experimentally 
and it will therefore be apparent from inspection of equation 
(31)that this method of measuring z. is entirely impractic-
able in the present instance. 
Evaluation of  
w 
In Figs. (2) to (6) the observations are plotted 
1 in the form of curves of 2R against V — . Unique curves are 
obtained for each spring, which are independent of the res-
onant amplitude of oscillation because, as explained in 
§ (5.1.1), the damping derivative zw is found to be indepen- 
dent of the amplitude 
	 parameter. 
/From ... 
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1 From these curves the quantity 7- 	 = 
e ITC 
can 
be obtained immediately. Substitution of this value in 
equation(30) enables zVI to be calculated when 2' fN' p, V r 
S and u are known. The rig damping coefficient p. is 
obtained from equation (32). 
Evaluation of the frequency parameter w by equa-
tion(33) enables curves of z to be plotted against w. 
rr 
These curves are given in Figs. (7) and (8) where no correction 
has been made to zlv for the effects of tunnel interference. 
The method of correcting for tunnel interference is described 
in the next section (gi (6) ). 
(6) Tunnel Corrections  
A method of correcting the measured derivative 
coefficients of an oscillating aerofoil for the effect of 
tunnel interference has been given by W.P. Jones in R. and. N. 
1912 (1) . The labour involved in making even a single corr-
ection is very large, but fortunately investigation of a 
specific case shoved that the interference effects on all the 
derivatives decreases rapidly as the frequency parameter 
increases from zero, and becomes negligible when the frequency 
parameter is grouter than unity. This investigation was done 
by W.F. Jones for a case roughly equivalent to the present 
series of tests, and, in the light of his conclusions, a 
particularly simple method of correcting for tunnel interfer-
ence has been devised. 
The curves of ztia  against w are extrapolatedac L back to w = 0. 	 Now, for w = 0 we have that zvi. = 
whom 77,— is the lift curve slope for steady flow. Hence 
zti~ for w = 0 can be corrected for tunnel interference by 
means of the standard methods of correcting for lift curve 
slope in steady flow. Now, another result of the theoretical 
work done by W.P. Jones is that over the range w = 0 to 
w = 0.5 the relationship between z and w is very nearly 
tir 
linear. This, coupled with the fact that the tunnel interfer-
ence effect can he considered small for w = 0.50 enables us 
to fix the corrected values at w = 0 and at w = 0.5, at 
least approximately. Using then the fact that the relation-
ship between Are and w is linear; ire may construct a curve 
of z against w. 
This procedure has been used to obtain the results 
given in Figs. (9) and (10). 
/6 (7) ... 
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(7) Results 
The observations are plotted in Figs. (2) to (6) in 
the form R vs 1. • The faired. curves from these figures have V  
been used. to calculate zw as a function of the frequency 
p6xameter w, and these results are plotted in Figs. (7) and 
(8). 	 It will be observed. that for each aerofoil a distinct 
curve is obtained corresponding to each spring, but that, gen- 
, 
orally speaking, the sets of curves for each aerofoil approx- 
imately constitute a unique curve. A mean curve for each 
aerofoil was tE:ken and the tunnel corrections were applied. as 
described in § (6). 	 The results are plotted in Figs. (9) and 
(10). 
Summary of hiain Results 
(1) Comparison of Theory and Experiment  
      
AEROFOIL DATA 
 
z (experimental) 
z (theoretical) 	 = 0.90 
 
PLANFORE - RECTANGULAR 
ASPECT RATIO - 14. 
SECTION - Nt.CA. 0020 
  
 
aaL (T.E.Angle = 22°) 
	
 - 0.91 
aCT.  
(T.E.Angle = 0°) 
 
      
N.B. The theoretical value of z taken from Ref. (2) 
taken from Ref. (3). 
(2) Comparison of Swept and Unswept Aerofoils  
       
  
AEROFOIL ASPECT RATIO 
  
73 T Cos  
0.707 
  
3 	 5 
  
    
o. 
z 	 sweepback = 14.5 ) 
zW (sweepback = 0°) 
 
0.91 	 0.01 
  
      
       
       
acL 
aa, 
Al (8) ... 
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(8) Discussion 
It has already been explained that the aerodynamic 
derivative coefficient zNV  may depend on Each number, Reynolds 
number, frequency parameter and amplitude parameter. 
The dependence of zw. on Each number is outside the 
scope of the present investigation and, as pointed out in 
(5), it was found that z
w 
 is independent of amplitude para-
meter, at least up to 7s/e = 0.15. 
Referring now to Figs. (7) and (8) we sec that curves 
of z on a base of co have boon plotted for each aerofoil. 
Also for each aerofoil a separate curve has been constructed 
corresponding to each spring. 	 Eus, except in one instance, 
the four curves for each aerofoil agree with one another to 
within about 4 per cent. 	 If we accept that this scatter of 
the curves is duo to experimental error we may then conclude 
that the effect of Reynolds number on z
a 
 is negligible over 
the range 0.10 x 106 to 0.35 x 106. 
However, Figs. (2) to (6) show that very consistent 
experimental observations were obtained. Now, in view of this 
consistency, it would seem reasonable to expect an accuracy 
better than + 2 per cent when using the faired curves of 
Figs. (2) to (6) to obtain the results plotted in Figs. (7) and 
(8). The following reason is advanced to explain why the 
accuracy of measurement may not have been as good as ono might 
be led to believe by this apparent consistency. 
It has already been remarked in describing the test 
procedure that, on account of the unsteady flow in the tunnel 
working section, difficulty was encountered in measuring the 
resonant frequency of oscillation of the aerofoil. The effect 
of the unsteady flow was to cause a fairly mar:cod and contin-
uously varying shift of the centre of oscillation of the aero-
foil. This was most noticeable with the springs of lowest 
stiffness. On account of this there might well have been a 
tendency for the resonant amplitude of oscillation to be con-
sistently overestimated for the springs of lover stiffness. 
This would result in a low value of z being obtained for 
these springs. From Figs. (7) and (8) it will be seen that 
in general z increases with increase of spring stiffness 
(i.e. as we go from spring A to B, from B to C and 
from 0 to E. 
The above argument is held to be sufficiently plaus-
ible to explain the slight scatter of the values of zw and 
-21- 
in consequence it has been assumed that z
w 
 is actually inde-
pendent of the Reynolds number over the range of investigation. 
This enables a unique moan curve of z to be obtained for each 
aerofoil. These unique curves have been corrected for tunnel 
interference and the final curves arc plotted in Figs. (9) and 
(10).  
In Pig. (9) the experimental results for the rectan-
gular wings of aspect ratios 3, 4 and 5 arc compared with the 
theoretical values for similar thin aerofoils of aspect ratios 
4 and 6, as calculated by 	 Jones. 
Over the range w = C to co = 0.5 the theoretical 
relationship between zw and co is almost linear. 	 In § (6) 
it has boon explained how this fact is utilised to obtain the 
experimental values of zw corrected for tunnel interference. 
It will be obvious from perusal of that section that the 
excellent agreement between the shapes of the experimental and 
theoretical curves is, to some extent, inherent in the simpli-
fied method adopted for correcting for tunnel interference.. 
Nevertheless, the slopes of the experimental curves are fixed 
by purely experimental results and, since these slopes are in 
goolagreement with the theoretical results, ..to have consider-
able justification for the method of tunnel correction employed. 
The actual magnitude of the derivative z is 
smaller than indicated by theory; in the case of the winf; of 
aspect ratio 4 the experimental value is some 10 per cent 
smaller than the theoretical value as calculated for a flat 
plate aerofoil. 	 It is interesting to note that this corres- 
ponds almost exactly with the difference found to exist 
80 
between the lift curve slope 	 , as given by theory for a 
as 
flat plate aerof oil, and as given by experiment for a wing 
section having a trailing edge angle of 22°  (the trailing 
edge angle of N.A.C.A. 0020 section). 
The experimental results for the rectangular and 
swept aerofoils are compared in Fig. (10). The derivative 
coefficient z , is sz3aller for the swept wings than for the 
unswept rungs as would be expected from simple theoretical 
considerations. 
	
It will, however, be noted that the diff- 
erence in z for the two wings of aspect ratio 3 is much 
VT 
smaller than for the two wings of aspect ratio 5. This is 
another result which might be expected on simple theoretical 
grounds since it is apparent that the flow over the centre 
section of a swept wing must approximte closely to the flow 
over an unswept wing. Nevertheless, the difference in 
/0 ff ect 
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effect of sueepback for the wings of aspect ratio 3 and 5 
appears surprisingly large. 
The errors in the final results when corrected for 
tunnel interference are believed not to exceed 2 per cent. 
§ (9) Conclusions 
 
The tests described in this report show that the 
aerodynamic damping derivative z is independent of the 
IT 
amplitude parameter Wc over the range 0 to 0.15, and is 
approximately independent of Reynolds number over the range 
0.10 x 106 to 0.35 x 106. 
In the li4nt of our knowledge of steady aerofoil 
theory the agreement between the results of experiment and 
theory for the rectangular wing of aspect ratio 4 is good. 
The experimental results for zr show the same dependence on 
frequency parameter as predicted by theory, but are about 
10 per cent smaller numerically. However, the trailing edge 
angle of the N.A.C.A. section is about 220 and experiment 
acL 
shows that the lift curve slope -57-t, for a section with such 
a trailing edge angle may be expected to be about 10 per cent 
loss than for an aerofoil with very small trailing edge angle. 
Since z is approxiraitely equal to --
aC  
-.Li when w is zero 
am 
the agreement of these two results is to be expected. 
The experimental results verify that the theoretical 
prediction of the dependence of z upon frequency parameter 
ZT 
W is much less for aerofoils of moderate or low aspect ratio 
than for two-dimensional aerofoils. An Important deduction 
to bo drawn from this is that in a practical stability or 
flutter problem the neglect or approximate estimation of the 
frequency parameter will generally load to much smaller errors 
than would be indicated by the two-dimensional theory. 
The effect of sweepback is to decrease the numerical 
values of z . For a sueepback of 450 z amounts to about 
VT 	 VT 
81 per cent of the unswept value for an aspect ratio of 5 and 
to about 91 per cent for an aspect ratio of 3. 
The ove7all accuracy of the results corrected for 
tunnel interference should be about 
	 2 per cent. 
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